1, 2, 3) then multigrid methods can be used to solve the large sparse linear systems that arise after discretization. If N 1 then often the matrix involved is tridiagonal, and thus many efficient solvers exist. If N >_ 2 then, in general, there are only a few efficient solvers and often multigrid is one of them.
There is extensive literature about the convergence analysis of multigrid methods.
We refer to Hackbusch [3] , McCormick [4] , and the references given therein. The main feature of multigrid is that the contraction number has an upper bound which is smaller than one and independent of the mesh size. In theoretical analyses this has been shown for a broad class of problems and for several variants will be presented in a forthcoming paper.
The remainder of this paper is organized as follows: in 2 we introduce a class of two-point boundary value problems and we give some regularity results. In 3 we derive some properties of the usual linear finite element discretization. Our convergence analysis of the multigrid method is based on the approximation property and smoothing property as introduced by Hackbusch (cf. [3] ). In 4 we prove the approximation property with respect to the maximum norm; our analysis is similar to the one used in Hackbusch [3] . In This regularity result will be used in the proof of the approximation property in 4.
3. Discretization and two-grid method. Let Ok be the nk-dimensional space of functions with (0) (1) 0 that are piecewise linear on a mesh with nodes xk,i for which 0 Xk,o < xk,1 < < Xk,, < Xk,nt:+l 1. O k is constructed from Ok-1 by using mesh refinement, so we get a sequence of nested spaces (3.1) Oo C O C C Ok C C H(I). Let hk,i "= xk,i-Xk,i-(i 1,..., nk + 1) and hk maxi h,i. We assume quasiuniformity of the meshes, i.e., (3.2) m. ax hk,ihk-,} <--70 with 70 independent of k.
Furthermore, the mesh refinement should be such that the following holds: (3.3) hkhkl -< 71 with 71independent of k.
The standard basis on Ok is given by the hat functions k) which satisfy k)(Xk,j) 5ij. This basis induces a bijection nk,
On Uk we use a scaled Euclidean inner product nk (3.5) <u,> y: u,,. 4. Approximation property. The proof of the approximation property is based on optimal L error estimates which can be found, e.g., in Wheeler [10] , DouglasDupont-Wahlbin [2] , and on the uniform boundedness of the sequences (Pk)k>o, ((P;)-)k>O. In [10] , [2] it is shown that the following holds: erty requires symmetry (or a nearly symmetric situation) and yields results in the Euclidean norm or in the energy norm. We refer to Wittum [11] , where smoothing and the construction of smoothers are discussed in a general framework. A new approach to the smoothing property that does not use symmetry has been introduced in Reusken [7] . A disadvantage of this new approach is that we need a damping factor less than or equal to 0.5 (whereas the conditions for the damping factor in [11] are less restrictive).
The results of this section can be found in a more general setting in [7] . For completeness we also give proofs here.
Below we prove that the smoothing property, in the maximum norm, holds for damped Jacobi and for damped Gauss-Seidel. Let L Mk Nk be the splitting corresponding to the Jacobi method or the Gauss-Seidel method (both without damping For details we refer to [7] . property. The analysis of the smoothing property in 5 can also be used in two dimensions. So in essence it is only the approximation property that needs to be reconsidered. It is known from the literature (cf., e.g., [1] , [5] , [6] , [8] , [9] ) that for linear finite element Galerkin approximations in two dimensions the optimal L error estimate is of the order h [log hk[ (instead of h). So in the approximation property we do not expect an upper bound C h as in (4.1) but an upper bound C h Ilog hk].
Multigrid convergence in the maximum norm for two-dimensional elliptic boundary value problems will be analyzed in detail in a forthcoming paper.
